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Presentations of Groups

•Denote by FS the free group with generating set S and by 〈〈R〉〉G the normal closure of R in G.
Def.A group presentation is a set S of generators together with a set of words R over S ∪ S−1. It defines a

group
〈S|R〉 = FS/〈〈R〉〉FS

Examples
〈a, b| 〉 ∼= F2 〈a, b|aba−1b−1〉 ∼= Z2 〈x1, x2, . . . |xnn = xn−1, n ∈ N〉 ∼= Q

Definition

A group G has an EDT0L presentation if it has a presentation G = 〈S | R〉 such
that R is an EDT0L language over the alphabet S ∪ S−1.

Language Theory

•Fix a finite set A which we call the alphabet. A formal
language over A is a subset L ⊆ A∗ of the finite words
over A.
•One way of producing a formal language from a finite
description is through variations of so called L-Systems.
They are based on parallel rewriting rules, i.e. maps
A→ A∗ which map every letter to a word over the
alphabet.
•An L-system consists of a starting word and a rewriting rule. The language of the system is generated by
repeatedly applying the rewriting rule to the starting word. On top of this, one imposes additional filter
mechanisms, which define the different types of L-systems. A few of them are listed below.
D “Deterministic” - Generally, rewriting rules are allowed to map one letter to more than one word.

In that case, all combinations of choices will produce a new set of words from a starting word.
If the system is deterministic, the rewriting rule is 1:1.

T “Table” - Multiple rewriting rules allowed, one is chosen for each step in the production process.
F “Finite start” - Instead of only one starting word, multiple can be specified.
E “Extended” - The alphabet is extended by a finite number of special symbols (non-terminals).

Words containing non-terminals that are produced in the process will not belong to the resulting language.

Examples
Lamplighter group
〈a, b | a2,∀n, [a, b−nabn]〉
Non-terminal A
Starting word: [a, b−1Ab]
Rewriting rules φ and ψ:
φ(A) = b−1Ab;
ψ(A) = a.

[Lysenok’85] The Grigorchuk
group has a DF0L presentation
G = 〈a, c, d|RG〉
Starting words:
{a2, [d, da], [dac, daca]}
Rewriting rule σ: σ(a) = aca,
σ(c) = cd, σ(d) = c

The containment relations between some
classes of L-languages.
An arrow means proper containment.

L-presentations. A group G with generating set
S has a finite L-presentation if there are two finite
sets of relations Q,R ⊆ FS and a finite set Φ of
endomorphisms of FS such that G is isomorphic to
the quotient

FS/〈〈Q ∪
⋃
φ∈Φ∗

φ(R)〉〉

The Grigorchuk group is a special case of:

Theorem [Bartholdi 2002]

A finitely generated contracting self-similar regu-
lar branch group has an L-presentation.

Computation of nilpotent quotients is possible for
L-presentations:

Theorem [Barth., Eick, Hartung]

There is an algorithm that, given an L-
presentation for a group G and i ∈ N, computes
a finite presentation for the group G/γi(G).

Computation of finite quotients yields:

Theorem [Hartung, 2011]

There is a Todd-Coxeter coset enumeration algo-
rithm for groups with L-presentations.

Results

Theorem A

A group has an L-presentation if and only if it
has an EDT0L presentation.

Remark: having a L-presentation is not independent
of a generating family, while having an EDT0L
presentation is. The new approach is more robust.

Proposition B

Equality of marked groups is not semi-decidable
for groups given by EDT0L presentations.

Let C be the set of abelian-by-nilpotent groups,
or that of groups that are virtual direct products
of finitely many hyperbolic groups.

Theorem C

There is an algorithm that takes as input an
EDT0L presentation of a marked group and a
finite presentation for group in C, and decides
whether or not the latter is a marked quotient
of the former.

Idea: starting from Bartholdi, Eick, Hartung
replace notherianity by equational
notherianity, and solvability of the word
problem by solvability of the universal
theory. We can then use recent results of
Ciobanu, Holt, Rees.

Theorem D

The exists a residually nilpotent finitely gen-
erated group H with solvable word problem
but uncomputable nilpotent quotients: no al-
gorithm can, on input n, produce a finite pre-
sentation of H/γn(H).

As a corollary, this group does not have an
EDT0L presentation.
Groups given by presentations
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